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ABSTRACT: 

This research work highlight the newly 

developed concept of Rosseland 

approximation and gyrotactic 

microorganisms in steady, two-

dimensional, incompressible flow of 

Walter's-B nanofluid (non-Newtonian) 

over a stretchable surface of sheet. 

Buongiorno nanofluid model, which 

represents seven important slip 

mechanisms (i.e., Brownian motion, 

inertia, Magnus impact, thermophoresis, 

diffusion-phoresis, gravity and fluid 

drainage) is utilized in the mathematical 

modeling of governing expressions. In this 

research work, only two important factors 

of seven slip mechanisms (Brownian 

diffusion, thermophoresis) are studied and 

the rest of neglected. Furthermore, the 

Rosseland approximation and heat 

generation/absorption effects are used in 

the modeling of the energy equation. The 

behavior of thermal and solutal 

stratification effects are addressed at the 

stretched boundary of the sheet. The 

nonlinear dimensional flow expressions 

lead to dimensionless ordinary equations 

through appropriate similarity 

transformations. The total residual error is 

calculated through Homotopy Analysis 

Method (HAM) for the momentum, 

temperature, concentration and motile 

density. The influences of important flow 

parameters of the governing flow 

equations are discussed and plotted 

graphically. The obtained results are 

compared with fruitful and valuable 

research in the literature and found very 

good agreement with them. Over obtained 

outcomes highlight that the velocity field, 

declined versus higher estimations of 

Weissenberg number. It is also remarked 

that the temperature and concentration 

fields have contrast impact subject to 

thermophoresis parameter. The physical 

quantities like skin friction coefficient, 

motile density, concentration and Nusselt 

number are discussed physically via 

various flow parameters. 

Keywords: Walter's-B nanofluid (non-

Newtonian fluid) Rosseland approximation 

Gyrotactic microorganisms Heat 

generation/absorption Thermophoresis 

diffusion Brownian motion. 

1. Introduction: 

Boundary layer flow of non-Newtonian 

materials play an important role in the 

modeling of several manufacturing processes 

in industrial and mechanical engineering. 

Some of these manufacturing processes 

comprise adhesive tapes fabrication, plastic 

sheets aerodynamics, metallic plates, cooling, 

application of coating and layers onto rigid 

substrates and so forth others. Some 

important investigations related to boundary 

layer flow can be seen in Refs. [1-7]. Refs. [8-

15] highlights some significant research work 

containing non-Newtonian fluids with various 

flow geometries. In nature, the Walter's-B 

fluid model is highly nonlinear and it is very 

difficult to solve. Therefore, numerous 

researchers and investigators are taking 

interest in these problems like Chang et al. 
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[16] explore free convective heat transport in 

the flow of viscoelastic Walter's-B fluid and 

numerical results are obtained via Finite 

Difference Method (FDM). Nadeem et al. [17] 

investigate the magnetized oblique 

nanomaterial flow of non-Newtonian fluid 

(Walter's-B) by a convective stretched surface. 

Nandeppanavar et al. [18] worked on heat 

transport and flow of Walter's-B fluid towards 

an impermeable moving surface with elastic 

deformation and heat generation/absorption 

effects. The radiative heat flux and uniform 

heat generation/absorption effects in fluid low 

of Walter's-B model with elastic deformation 

is scrutinized by Hakeem et al. [13]. Hayat et 

al. [19] discuss the heat transport in fluid flow 

of Walter's-B fluid, which is magnetized in the 

presence of applied magnetic field with 

convective boundary conditions. Hayat et al. 

[20,21] inspected convective flow of Walter's-

B fluid with heat, transportation by a 

stretched surface by Newtonian heating. Talla 

[22] deliberated exponentially stretched flow 

of Walter's-B fluid. Ramesh and Devakar [23] 

evaluated peristaltic activity in non-

Newtonian fluid flow (Walter's-B) in a vertical 

channel. Hayat et al. [24] depict magnetized 

and electrical conducting 3D flow of non-

Newtonian material with solar radiation. 

A nanoliquid is a liquid comprising nanometer-

sized particles in a continuous phase liquid, 

called nanoparticles or metallic particles. The 

metallic particles utilized in nanoliquids are 

basically made of carbides or carbon 

nanotubes, metals and oxides. It is used to 

increase the thermal conductivity of base 

liquids. Nanofluids or nanoliquids are 

numerous applications in several industrial 

and technological processes, for example wire 

drawing, melt spinning process, plastic film 

production, fiberglass and so many others. 

The effective transportation of heat frequently 

depends on material type, shape of particles 

and number of submerged nanoparticles. 

Furthermore, nanoliquids have used 

formation and structural process of power 

generators, petroleum reservoirs, nuclear 

reactors cooling, vehicle transformer, and 

fiber production in textile, geothermal energy, 

cancer therapy and safer surgery processes. 

Initially, Choi and Eastman [25] was 

experimentally discussed the features of 

nanoparticles in a continuous phase fluid and 

their obtained outcomes reveal that the 

thermal conductivity of base fluid more 

increase by the insertion of metallic particles. 

After Choi and Eastman, Buongiorno [26] 

revealed that heat efficiency of conventional 

working materials is improved through 

Brownian motion and thermophoresis 

diffusion. Hayat el al. [27] worked on 

irreversibility analysis in second grade fluid 

flow submerged in a base fluid with thermal 

radiation. Refs. [28-30] illustrates the behavior 

of nanofluid flow towards stretched surfaces. 

The bio-convection phenomenon arises due to 

average upward swimming of microorganisms 

(which are denser then water). Upward 

swimming of microorganisms tends to 

concentrate on the upper portion of the fluid 

layer, causing a top heavy density stratification 

that often becomes unstable. Bio-convection 

describes density stratification and 

spontaneous pattern formation induced by 

nanoparticles and buoyancy forces and 

simultaneous interaction of the denser self-

propelled microorganisms. When gyrotactic 

microorganisms are added into a nanofluid 

stability of nanofluid upsurges. Due to gravity, 

light and chemical reactions motile 

microorganisms swim in the upward direction. 

Adding motile microorganisms to the 

suspensions have contributed to the bio 

micro-systems such as enzyme biosensor and 

micro fluidics devices such as bacteria 

powered micro mixers especially in micro- 

volumes. Tham et al. [31] scrutinized 

nanofluid flow having gyrotactic 

microorganisms and mixed convection moving 

towards a solid sphere embedded in a porous 

medium. Aziz et al. [32] considered nanoliquid 

free convective flow having motile 
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microorganisms. Xu and Pop [33] evaluated 

mixed bio-convective flow filled in a horizontal 

channel and fully developed containing 

gyrotactic microorganisms and nanoparticles. 

Kuznetsov [34] examined bio-convection due 

to gyrotactic microorganisms and nanofluid 

particle. In the next, Kuznetsov [35] 

considered nanofluid bio-thermal convection 

considering effects of Oxytactic 

microorganisms and gyrotactic 

microorganisms. Khan et al. [36] recently 

deliberated free convective flow of non-

Newtonian fluids having nanoparticles and 

gyrotactic microorganisms embedded in a 

porous medium. Tausif et al. [37] discussed 

bio-convective flow of a nanofluid containing 

nanoparticles and gyrotactic microorganisms 

with multiple slip effects. Siddiqa et al. [38] 

studied the flow of nanofluid past a vertical 

wavy surface with gyrotactic bio-convection. 

Mutuku and Makinde [39] considered hydro-

magnetic bio-convective nanofluid flow over a 

permeable vertical plate with gyrotactic 

microorganisms. Makinde and Animasaun [40] 

examined MHD bio-convective flow of a 

nanofluid past an upper surface of revolution 

of a paraboloid with thermal radiation and 

chemical reaction. Raees et al. [41] analyzed 

3D stagnation point flow of nanofluid on a 

moving surface having isotropic slip containing 

both microorganisms and nanoparticles. 

Akbar and Khan [42] studied nanofluid flow 

with magnetic field and suspen sion of 

gyrotactic microorganisms. Raju and Sandeep 

[43] examined MHD non-Newtonian bio-

convective flow in rotating cone/plate with 

cross diffusion. Hoecker-Martínez and Smyth 

[44] studied gyrotactic organisms trapping in 

unstable shear layers. 

The prime aim of this research letter is to 

explore the concept of Rosseland 

approximation and gyrotactic microorganisms 

in steady, two-dimensional, incompressible 

flow of Walter's-B nanofluid (non-Newtonian) 

over a stretchable surface of the sheet. 

Buongiorno nanofluid model, which 

represents seven important slip mechanisms 

(i.e., Brownian motion, inertia, Magnus 

impact, thermophoresis, diffusion-phoresis, 

gravity and fluid drainage) is utilized in the 

mathematical modeling of governing 

expressions. In this research work, only two 

important factors of seven slip mechanisms 

(Brownian diffusion, thermophoresis) are 

studied and the rest of neglected. 

Furthermore, the Rosseland approximation 

and heat generation/absorption effects are 

used in the modeling of the energy equation. 

The behavior of thermal and solutal 

stratification effects are addressed at the 

stretched boundary of the sheet. The 

nonlinear dimensional flow expressions lead 

to dimensionless ordinary equations through 

appropriate similarity transformations. The 

total residual error is calculated through 

Homotopy Analysis Method (HAM) [8,45-53] 

for the momentum, temperature, 

concentration and motile density. 

2. Modeling  

Here, the newly developed concept of 

Rosseland approximation and gyrotactic 

microorganisms in two-dimensional, steady, 

incompressible non-magnetized flow of 

Walter's-B fluid is addressed towards a 

stretched surface. The flow is nonlinear and 

generated by stretching phenomenon. The 

energy equation is based on the first law of 

thermodynamics and modeled in the 

presence of radiative heat flux and heat 

generation/absorption. Furthermore, 

concentration and motile density is discussed. 

Both thermal and solutal stratification 

conditions are imposed at the boundary of the 

stretched surface, which comprising of fluid 

parcels of various densities. Flow diagram is 

presented in Fig. 1.Fig. 2a.Fig. 2b. 

Let highlights the stretching 

velocity of the sheet. The governing partial 

differential equations are considered flow 

problem are listed as 
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Fig. 1. Schematic flow diagram 

 

 

 

Note that, x,y signifies the Cartesian 

coordinates, density, velocity components, 

short memory coefficient, viscosity, 

temperature, thermal conductivity, specific 

heat, ratio of heat capacities, 

Brownian motion, concentration, 

thermophoretic diffusion, coefficient of 

radiative heat flux, coefficient of heat 

generation/absorption, ambient temperature, 

concentration of microorganisms, ambient 

concentration, chemotaxis constant, 

microorganisms diffusion coefficient, 

maximum cell swimming velocity, stretching 

velocity, dimensional constant, wall 

temperature, dimensional constant, reference 

temperature, concentration, motile 

microorganisms and ambient motile density of 

microorganisms. The radiative heat flux in the 

presence Rosseland approximation is defined 

as mophoretic diffusion, coefficient of 

radiative heat flux, coefficient of heat 

generation/absorption, ambient temperature, 

concentration of microorganisms, ambient 

concentration, chemotaxis constant, 

microorganisms diffusion coefficient, 

maximum cell swimming velocity, stretching 

velocity, dimensional constant, wall 

temperature, dimensional constant, reference 

temperature, concentration, motile 

microorganisms and ambient motile density of 

microorganisms. 

 The radiative heat flux in the presence 

Rosseland approximation is defined as 
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where signifies the Stefan-Boltzman constant 

and and mean absorption coefficient.  

Letting 

 

We arrive 

 

 

 

 

 

where  highlights the Weissenberg 

number,  thermal radiation 

parameter, temperature ratio 

parameter, 

 

3. Physical interest  

In mathematical point of view, the skin friction 

coefficient, local density number, heat transfer 

rate and gradient of concentration are 

communicated as 

 

where and are addressed as 

 

The dimensionless form is 

(16) 

where signifies the local Reynold number. 

4. Methodology  

Here HAM is implemented to get the series 

solution of governing equations. The initial 

guesses and linear operators are 

communicated as 

 (17) 

(18) 

which satisfies the characteristics 

 

where  indicates arbitrary constants 

5. Convergence analysis 

In homotopy approach auxiliary variables i.e., 

and control and regulate region of 

convergence of series solution. In Fig. 2a and 

Fig. 2b we have plotted the curves for velocity, 

temperature, concentration and motile 

density profiles. 

The suitable ranges of auxiliary variables i.e., 

are 

The convergence of obtained solutions is also 

justified numerically in Table 1. From Table 1, 

it is noticed that 20th order of iterations are 

suff- 
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cient for and  and 25th order of 

iterations are sufficient for  and  Table 

2 represents the comparative investigation of 

present work with Saleem el al. [54] and 

noticed a very good agreement with them. 

6. Discussion  

Salient characteristics of pertinent flow 

parameters on the  

are analyzed in this section, where indicates 

the velocity field, highlights the 

temperature, signifies the concentration 

and denotes the motile density. 

6.1. Velocity field  

Impact of Weissenberg number on the 

velocity field is displayed in Fig. 3. Physically, 

Weissenberg number is the ratio of short 

memory coefficient and viscosity. Here, 

velocity field declines versus higher values of 

Weissenberg number. In physical point of 

view, short memory coefficient boosts up in 

the presence of larger Weissenberg number, 

which enhance the velocity field. Also, the 

boundary layer decays against larger 

Weissenberg number. 

 

 

6.2. Temperature distribution 

 Figs. are plotted to examine the salient 

characteristics of  and 

Fig. 4 is outlined to show the influence of 

on It is observed  that is increased via 

larger values of Brownian motion parameter. 

Also, the boundary layer thickness boosts by 

higher estimations of Brownian motion 

parameter. The influence of Prandtl number 

on  is sketched in Fig. 5. As anticipated, 

both thermal field and associated layer 

diminishes subject to rising values of Prandtl 

number. Mathematically, Prandtl number is 

the ratio of momentum diffusivity to heat 

diffusivity. In heat transport fluid problems, it 

controls the relative thickness of thermal as 

well as the momentum boundary layers. If Pr 

is small, it tells us that thermal diffusion is 

more in comparison to momentum diffusion. 

That is for a present flow problem, the flow 

conditions remaining the same, if we want 

larger heat transport rate we have to utilize a 

liquid that has smaller Pr Fig. 6 discloses the 

salient characteristics of thermal stratified 

variable on temperature profile. Clearly, it is 

remarked that both thermal field and layer 

thickness are declined versus higher values of 

thermal stratified variable. Physically, the 

effective convective potential that occurs 

between the ambient nanofluid and nonlinear 

stretching sheet diminished subject to rising 

values of thermal stratified variable. 

Therefore, the thermal layer thickness and 

material temperature declined for rising 

thermal stratified parameter. Fig. 7 displayed 
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the behavior of radiation parameter on 

.As anticipated, both fluid temperature and its 

associated layer thickness are increasing 

function of radiation parameter. An 

enhancement in radiation parameter boosts 

the heat flux from the heated stretched 

surface and consequently upsurges the fluid 

temperature. 

 

 

 

 

 

 

6.3 Concentration field 

Figs. 8-10 are developed to discuss the 

concentration field versus thermophoresis 

parameter, solutal stratified parameter and 

Schmidt number. The influence of Nt on  is 

demonstrated in Fig. 8. Clearly, it is remarked 

that the nanomaterial concentration boosts 

up subject to larger thermophoretic 

parameter. Physically, it is due to the 

thermophoretic force created by rate of mass 

transport at the stretchable surface generates 

a smooth flow far from the stretching surface. 

More heated liquid shift away from the 

stretched surface and as a result larger 

amount of Nt .The fast flow from the 

stretching surface via thermophoretic force 

resulting to upsurge in the concentration layer 

thickness. Figs. 9 and 10 are plotted to check 

to how solutal stratified parameter and 

Schmidt number affect the nanoparticle 

concentration. 
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field. Clearly, for higher estimations of solutal 

stratified parameter and Schmidt number, the 

nanoparticle concentration decreases. The 

ratio of kinematic viscosity to molecular 

diffusion coefficient is called the 

Schmidt number. Here, mass diffusivity decays 

against rising Schmidt number which reduces 

the nanomaterial concentration. 

6.3. Motile density  

Figs.(11-13) are organized to analyze the 

influence of Bio-convection Lewis number Lb, 

Peclet number Pe, and motile density 

stratified parameter on Fig. 11 displays the 

salient influence of on Here, shows decreasing 

behavior on Furthermore, motility layer 

declines versus larger The variation in liquid 

motility subject to positive estimations of and 

is discussed in Figs. 12. 

 

and 13. For growing values of s3 and Pe the 

fluid motility distribution declines. It is also 

noticed from this figures that motility layer 

also diminishes against larger Peclet number 

and motile density stratified parameter. 

6.4. Physical interest 

The physical quantities like, skin friction 

coefficient  Nusselt number  

Sherwood number  and local density 

number  are discussed graphically 

versus pertinent flow parameters i.e., 

  Physical behavior of 

against rising values of and is 

portrayed in Fig. 14. As predicted, the 

magnitude of drag force boosts up against 

increasing behavior of Weissenberg number. 

Impact of heat transfer rate against and is 

depicted in Fig. 15. Here same behavior like 

skin 
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friction is observed for growing values of 

radiation parameter and Fig. 16 is drawn for 

the impact of Brownian motion and 

thermophoretic parameter on the Sherwood 

number. As anticipated, the behavior of 

Sherwood number boosts versus larger 

Brownian motion variable and thermophoretic 

parameter. Fig. 17 is sketched to examine how 

Lb and Pe affect the  Clearly, the 

behavior of declines subject to 

higher estimations of Lb and pe. 

7. Conclusions  

The prime objective of this research 

communication is to explore the concept of 

gyrotactic microorganisms and Rosseland 

approximation in fully radiated steady, two-

dimensional, incompressible flow of Walter's-

B nanofluid (non-Newtonian) towards a 

stretched surface. Mathematically modeling is 

performed through implementation of 

Buongiorno nanofluid model, which 

represents seven important slip mechanisms 

(i.e., Brownian motion, inertia, Magnus 

impact, thermophoresis, diffusion-phoresis, 

gravity and fluid drainage). In this research 

work, only two important factors of seven slip 

mechanisms (Brownian diffusion, 

thermophoresis) are studied and the rest of 

neglected. The desired governing equations 

are solved through homotopy analysis 

method. The prime and main outcomes are 

listed as 

The velocity of fluid is less by increasing the 

values of Weissenberg number.  

• Thermal field and associated layer thickness 

boosts up against larger Brownian motion 

parameter.  

• Nanomaterial concentration is more subject 

to thermophoretic parameter.  

• Motility profile and motility layer thickness 

been decreased versus motile density 

stratified parameter. 

 • The impact of skin friction coefficient 

decreases by increasing Weissenberg number. 

• Heat and mass transfer rates have similar 
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behavior versus radiation parameter and 

Brownian motion parameter respectively. 

 • Motile density rate diminishes subject to 

Bio-convection Lewis number and Peclet 

number. 
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